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Abstract 

In this article, the Frenkel-Kontorova model for dislocation dynamics 
is considered, where the on-site potential consists of quadratic wells joined 
by small arcs, which can be spinodal (concave) as commonly assumed in 
physics. The existence of heteroclinic waves —making a transition from 
one well of the on-site potential to another— is proved by means of a 
Schauder fixed point argument. The setting developed here is general 
enough to treat such a Frenkel-Kontorova chain with smooth (C^) on-site 
potential. It is shown that the method can also establish the existence of 
two-transition waves for a piecewise quadratic on-site potential. 
Mathematics Subject Classification: 37K60, 34C37, 58F03, 70H05 


1 Introduction 

In this article, we study the advance-delay difference-differential equation 

c^u" — Adu + au — aijj^u) = 0 (1) 

on K, where is the discrete Laplacian, 

A]ju{x) := u{x -hi) — 2u{x) + u{x — 1); 
the derivative g'{u) of the on-site potential 

g{u) = ~ aipiu) 

will be discussed in detail below, since it presents the main challenge of this 
problem by being non-monotone. 

In a nutshell, the main result of this article is that a solution to o exists 
for suitable choices of parameters, for nonlinearities which are suitable mollified 
versions of the sign function, aip'(u) ~ asgn(u). 

Mathematically, this equation combines a number of difficulties. It combines 
a differential operator (the second derivative) with a difference operator (A^j). 
See, e.g., [8] for the subject of such functional equations. Here the equation 
is looking ‘forward’, u{x + 1), and ‘backward’, u{x — 1). The theory of such 
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advance-delay equations is still not very well developed, though there are very 
remarkable results, employing tools ranging from variational techniques to cen¬ 
tre manifold/normal form analysis, for example [Tl llOl H]. The non-monotonicity 
of g' finally is the core difficulty of the problem. 

Physically, © is the travelling wave equation for the so-called Frenkel- 
Kontorova model of dislocation dynamics [5]. There, the model proposed is 

If / \ ^ (\ 

TOUfc = /3(Mfe+i - 2uk + Uk-i) - 2n— sin — Uk (2) 

7 7 7/ 

with some constants a, (3, 7 , describing the displacement Uk of at atom k € 
Z in a one-dimensional chain; the nonlinearity is the derivative of an on-site 
potential describing the interaction with atoms above and below the chain of 
atoms considered. The periodicity of the nonlinearity thus reflects the periodic 
nature of a crystalline lattice. The Frenkel-Kontorova chain is a fundamental 
model of dislocation dynamics, describing how an imperfection (dislocation) 
travels through a crystalline lattice; see in particular the survey [3]. The simplest 
motion that may exist is that of a travelling wave, Uj{t) = u{j — ct) with wave 
speed c. This ansatz transforms after rescaling, into o, with sinusoidal 
on-site potential g. 

We study the situation where this potential is piecewise quadratic, with small 
concave parts smoothing out the cusp at the meeting point of two parabola. For 
piecewise quadratic on-site potentials, there is a long history of formal solutions, 
going back at least to Atkinson and Cabrera [2]. It has been pointed out that 
formal calculations often depend on the validity of a sign condition (which will 
be encountered here as well) [5J [H] . 

There are few rigorous results for nonconvex interaction potentials available, 
in particular for heteroclinic solutions as we will study. A very remarkable 
existence result for such solutions is that of looss and Kirchgassner [10] ; there 
a general theory for small solutions is developed. Here we are interested in 
(large) heteroclinic solutions that stay asymptotically for x —>■ —00 in one well 
of a nonconvex on-site potential g and for x —>■ 00 in another well. For the 
particular choice ail)'{u) = asgn(u), the existence of such travelling waves has 
been established for suitable parameters with an argument based on Fourier 
estimates m- Here we show that this result holds true in greater generality, in 
particular for on-site potentials where the concave part is not degenerate as it 
is assumed in m- We work in a nonlinear setting where the Fourier methods 
of m are not applicable. 

The existence of heteroclinic travelling waves for the Frenkel-Kontorova 
problem ([2|) has been open since 1939 (for coherent spatially localised tem¬ 
porally periodic solutions, existence was established in the seminal paper by 
MacKay and Aubry mi see also [2]). We are presently unable to answer this 
question for the sinusoidal on-site potential, since we use the explicit knowledge 
of wave trains in harmonic chains. One interpretation of our result is that it 
shows that wave trains in one well of g can be joined to another train in another 
well, and this transition signifies a moving dislocation. We can establish this 
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result for a class of smooth potentials which have harmonic wells and small spin- 
odal (concave) regions. Since the potentials we consider are structurally very 
similar to the original sinusoidal on-site potential, one would expect that exis¬ 
tence holds for that potential as well, under similar choices of the parameters 
made. Yet a proof of this conjecture seems far from straightforward. 

We remark that for the Fermi-Pasta Ulam chain with smooth nonconvex 
interaction potential, a different approach has been employed to prove the ex¬ 
istence of heteroclinic waves for cases where the potential has a small spinodal 
(concave) region [3]. As the method used here, the approach relies on a pertur¬ 
bation argument, but then proceeds differently by relying on the Banach fixed 
point theorem, following a careful analysis of an integral equation describing 
the travelling wave equation. 

The framework developed in the present article is relatively flexible and al¬ 
lows potentially the analysis of a range of problems in the setting of (at least) the 
Frenkel-Kontorova chain. To give an example, we study in Section 0] the prob¬ 
lem with a piecewise quadratic on-site potential, = sgn(M), and establish 

what is to our knowledge the first proof of solutions exhibiting two transitions 
between the wells of the on-site potential. It can be regarded as a simplified 
version of the shadowing lemma [I] . 


2 Setup and main result 

The central argument we are going to employ is a Schauder fixed point theorem. 
This is possibly surprising, as equation m is defined on the whole real line and 
therefore there is a priori no reason to expect compactness properties for ©• 
We now sketch the setting in which the Schauder theorem applies. 

We start by considering the linear part of ©. The linear operator 

u —?> Lu = (?u" — -I- au (3) 

has in Fourier space the representation 

- -I- 2(1 - cosC) + a = -c^C^ -I- 4sin^(C/2) + a =■. D{(), (4) 

where D is the dispersion function. Obviously, for the sound speed, c = 1, the 
dispersion relation D has exactly two nonzero roots ifcoj where 

fco := ^ (5) 

if 



and furthermore D'[C,) = —2c^f + 2sinC vanishes only at ^ = 0. We will work 
in a parameter regime where c is marginally subsonic; we keep fco fixed by m 
and a given by ®. Then c is the only free parameter in the dispersion relation. 
Since we seek to finds heteroclinic solutions, we will focus on subsonic waves, 
that is, c < 1. 
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By continuity, the dispersion function will have exactly two roots near ±fco 
for ‘near sonic’ subsonic c. 

Our main theorem can be considered as perturbation result of m, where 
the special case tp'{u) = sgn(u) is considered. We sketch the situation for this 
degenerate potential briefly. For |A| < 1 and d G [0,27r), trivially l+Asin(fco-+0) 
is a solution to © on [l,oo) and —1 + Asin(A:o • —8) is a solution on (—oo, — 1 ]. 
The question is whether these two solution segments can be glued together to 
form a heteroclinic solution, traversing from one well of the on-site potential g 
to another. 

The answer is affirmative for the degenerate potential discussed in this 
paragraph, as shown in [TT] (recalled in Theorem 12.11 below). This solution 
u G is odd, u{x) = —u{—x), and heteroclinic in the sense that 

lim [u(a;) =F 1 — A sin(fcoa; ± 6 *)] = 0 

tc—>-±oo 


for some A and 8, and a given by ®. This solution is well approximated by 
the explicit function 


with 


and 


{x):=sgn{x) -bB(l 

c^fcn — a 


A = 




and B = 


ko sin(fco) 


2 — 2 cos(/co) — fcosin(A:o) 


-cos{koz)) , 

(7) 

a + 

2 (/32 + kl) 

( 8 ) 

a ko 


(? 2 — ko 



The argument in m and this paper uses an idea developed by Schwetlick 
and Zimmer for a Fermi-Pasta-Ulam chain with nonconvex interaction potential, 
and no on-site potential |15j . This idea is to represent the solution u asu = Up—r 
with explicitly given Up; then the analysis is reduced to a careful investigation 
of the Fourier representation of r. Here, we will argue similarly and consider a 
“profile” function Up G By profile function we mean that the function 

c^Up — AijUp + aup — Q;sgn(up) satisfies 


(1 -I- x‘^){c^Up - AoUp + aUp - asgn{up)) G 

/ [c^Up — AijUp + aUp — asgn(up)] sin{ko-)dx = 0 . 

Jr 


(9) 

( 10 ) 


The former condition implies c^u" — AuUp -\- aUp — asgn(up) G L^(]R), so 
the latter condition is well posed. In addition, the function should be odd, 
sgn(up(a;)) = sgn(a;) on R, vanishes at cc = 0, satisfy Up(0) > 0 and liminf| 3 ;|_,,oo \u 
0 , so that equation (IT4)) below holds. 

It is somewhat tedious but not difficult to find such a Up. Specifically, we 
could use the profile function Upa given above. However, we will use the solution 
to o with the special force ip'ix) = sgn(x) as profile. We therefore recall the 
existence result for this function. 


p(®)l ^ 
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Theorem 2.1 m Theorem 4.1]). Let — sgn(x). Let c he such that 

€ [0.83,1]. Let fco be given by ([5]) and a be given by Then o has a 
solution u = Mpa — r with Upa given by (O with 

0.257 /or e [0.9,1], 

0.339 /or c2 e [0.83,0.9], 


0.43 for €[0.9,1], 

0.34 /or c2 e [0.83,0.9]. 

So below Up will be the function u of Theorem l2.ll We are left with having 
to find r € H^dd,ioci^) (that is, r € and r[—x) = —r{x)) such that 

Up — r is a solution; 

c^(up - r)" - Aoiup - r) + a(up - r) - aif'{up - r) = 0, 
and hence for r 

c^r" — Aor + ar = c^u” — AjjUp + aup — atp'{up — r), 
which is an equation of the form 

c^r" — Aar + ar = Q, 

or Lr = Q with nonlinear Q. We will employ Schauder’s fixed point theorem to 
establish a solution to this equation. The main result can be stated as follows. 

Theorem 2.2. For e > 0, let the even function if = 4’e & C^(M) he such that 
■!/'((x) = sgn(a;) for ja;] > e and \ilj'f{x)\ < 2e~^ for ja;] < e. Let fco be given by ([5]), 
a be given by ®. Then there exists a range of subsonic velocities c close to 1 
such that for these velocities, there exists a heteroclinic solution to ©• 

We remark that one of the conditions imposed on closeness of c to 1 is € 
[0.83,1] as only in this case we can build on the existence result Theorem 12.II 
Theorem l2.2l is proved in the next section. We state one auxiliary statement 
for the equation Lr = Q. 

Proposition 2.3. If Q € Loddi^) satisfies 

(1 + x^)Q € and / Q{x) sm{kox)dx = 0, 

Jr 

then, for all c near enough to 1, there exists a unique function r € Hodd(^) such 
that Lr = c^r" — Ajjr + ar = Q. Moreover 

:= ||(1 + ^^)^IL 2 (r) < {C'l + ((4 + a)Ci + l)/c^} ||(1 + 2;^)Q||i2(R) 

for some constant Ci > 0 (independent of c near 1). 



5 


An extension of this result to functions Q which are not necessarily odd can 
be found Proposition lA.ll in the Appendix. 

Proof. The assumptions imply that Q G C), Q(±fco) = 0 and that there 

exists a unique r G such that c^r" — Ajjr + ar = Q, namely 

rik) = , for fc G K. 

As Q is odd and real-valued, iQ is odd and real-valued. Therefore so are ir and 
r. Moreover, 


Q' 


< 


1 


< 


L“(R) 

1 


'2 s 1/2 


(1 -I- x^) \Q{x)\ dx 


Wr (1 + 


\ -'-/2 

dx\ ||(1-I-a;^)(3| 


L 2 (R) 


- 211 ( 1 ' 


Yq\ 


L 2 (R) 


(note that (1/2) arctana; — (l/2)a;/(l -I- x"^) is a primitive of a;^(l -I- x^)~‘^). 

Consider for a while c = 1. For |fc| G [fco/2,3fco/2]\{fco}, one gets by Cauchy’s 
mean value theorem applied to the real-valued functions iQ and D 


Q{k) 

D{k) 


< sup 

|s|£[feo/2,3feo/2]\{feo} 


Q'{s) 

D'{s) 


<\D'{k^/2)\ ii||(l+ai2)Q||^,^^^ 


For |fc| ^ [fco/2,3fco/2], one gets \D{k)\ > min{|Z)(fco/2)|, \D{3ko/2)\}. Hence 


Q{k) 


D{k) 


dfc < max{|Zl(fco/2)| ^ , |Il(3A:o/2)| 


'|fc|^[feo/2,3fco/2] 


Q{k) 


dk 


+ 2ko\D'{ko/2)\ "i||(l+a:2)Q"" 


< {uie.^{\D{ko/2)\-\\Di3ko/2)\-^} + -ko\D'iko/2)\ ||(1 + 

= Cf\\il+x^)Q\\l^^^ . 


This estimate remains valid for all c close to 1 if we first increase slightly Ci. 
As a consequence 


lk"llL2(R) < (4-l-a) ||?'||i2(R)-|-||Q||j;^2(R) < ((4-|-a)C'i-|-l) ||(1 -f a;^)Q||i2(R) 

and 


ll’’llff2(R) — ||(1 -f fc^)?’||i2(R) < lkllL2(R) -I- ||?’"|Il2(r) 

< {Cl -I- ((4 -I- a)Ci + l)/Y} ||(1 -I- a^^)Q||^2(R) ■ 

□ 
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3 Proof of Theorem 12.2 

3.1 Preliminaries 

We now turn to the proof of Theorem 12.21 We seek a solution to o, 
c^u" — Adu + au — ail)'{u) = 0. 

By assumption, ip G is even and for its derivative it holds that ip' = sgn 

outside a bounded set. We split the solution u sought to o as 

M = Up +/3uo + 7sin(fco-) - r, (11) 

where the profile function Up G is odd and satisfies properties ([9]) 

and m- Further, 7 G R is assumed to be sufficiently close to 0, and Uo G 
77 jqc(®) is an odd function such that for each Z = 0,1, 2, 

d' 

(1 + x'^)-^{uo{x) - sgn(a;) cos{kox)) G L^(R\[-1,1]). (12) 

For example, one can choose Uq to agree with sgn(a;) cos{kox) outside a bounded 
interval. It is not hard to give an explicit representation for Uo, whereas Up is the 
solution given by Theorem l2.ll the task is then to find the corrector r G Hodd(i^) 
such that u as in (HU solves O- The periodic term 7sin(fco-) is separated from 
Up for mere convenience; obviously this term could be added to Up and then 
Up := Up + 7sin(A:o-) satishes (H]) and (flUl) and could replace Up. 

With this notation, we can now restate Theorem l2.2l in a more detailed form 
we are going to establish. 

Theorem 3.1. For e > 0, let the even function ip = ip^ G (^^(R) be such that 
ip'^{x) = sgn(a;) for |a;| > e and \ip'f{x)\ < 2e~^ for |x| < e. Let kg be given 
by a be given by Then there exists a range of subsonic velocities c with 
> 0.83 such that a heteroclinic solution to o exists, in the following sense. 
Let the odd function Up G be the solution to the eguation cfv!' — Ajju + 

au — asgn(u) = 0 0/ Theorem \2. 1[ and let the odd function Uo G satisfy 

m- 

Then for all I7I and p > 0 small enough, there exists eo > 0 satisfying the 
following property. For every e G (0,eo), there exists r G and /3 G R 

such that ||r||j:^2(R) < p and u := Up + j3uo + 7sin(fco-) — r is a solution to ([T]), 

c^(up + /3uo + 7sin(fco-) - r)" - Aoiup + /3uo + 7sin(fco-) - r) 

+ a{up + Puo + 7sin(A:o-) — r) — aV'((“p + Puo + 7sin(fco') — r) = 0. (13) 

Theorem 12.21 follows immediately once Theorem 13.11 is established, and the 
rest of the article is devoted to the proof of Theorem 13.11 

We start the proof by considering the linear operator L of ([3]) with a as in ([B]) 
and c being slightly subsonic. Specifically, we first study the equation Lr = Q 
under the hypothesis Q{x) siii{kQx)dx = 0, with fco = t^/2,. Roughly speaking, 
in the equation Lr = Q, the right-hand side is replaced by a new expression Q 
depending on Uo and a real parameter /3 chosen so that Q(x) sm.{kox)dx = 0. 
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Lemma 3.2. Let Up be the solution to the special case '4>'{x) = sgn(a:) recalled 
in Theorem roi There exists p > 0 such that, for all r in the ball B{0,p) C 
^odd W. sgn(Mp(a::) - r(x)) = sgn(x) on R. 

Proof. Recall the Sobolev estimates 

and 


I w ^ 

-7^\L (TTW* ^ 2 ■ 

By symmetry, it suffices to consider positive x. Hence it suffices to choose po > 0 
such that there is a point xo € (0,1] such that 

Up(x) > PqI2 for X > Xo and u'p(x) > po/2 for every x € [0,a:o)- (14) 

Since Up satisfies this property for some po, so the claim follows for any p G 
(0,po)- □ 

Throughout this article, we will assume p G (0,po)- We also assume that 
e < po/6, so that ip'^s) = sgn(s) for all |s| > po/6. 

If we add the requirement on /3, 7 and r that the condition 

2 

\Puo{x) + 7 sin(fcoa;) - r{x)\ < - |Mp(a;)| 

is fulfilled for all x G R, the solving © with the ansatz (El) is equivalent to 
solving 

c^u" — Ajju + au — adi'9{u,x) = 0 with u = Up + /3uo + J sm{ko-) — r, (15) 

where d)*: R^ —>■ R satisfies 

j '^{u,x) = if{u) for |x| < 1, 

1 4'(m,x) = sgn(x)M for |x| > 1. 

We prove the existence of a solution using Schauder’s fixed point theorem. 

3.2 Application of Schauder’s fixed point theorem 

In this section, we prove the existence of a solution of a slightly relaxed problem. 
Equation dsni) below, under fairly abstract assumptions, notably (ICTI) . (IC^ in 
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Theorem [?31 below. The following sections then establish that the original 
problem can be cast in the setting studied here. 

Specifically, consider a modification (fT^ for r G and /3 G K, and 

recall ip'(u(x)) = di'^{u{x),x) for the function u we have in mind, 


c^(up + l3uo + 7sin(A:o-) - r)" - Aoiup + Puo + 7sin(A:o-) - r) 

+ a{up + j3uo + 7sin(fco-) — r) — adi'^{up + ^(/3)uo + 7sin(fco-) — r,x) = 0; 

(16) 


here the new ingredient is a function ^ G with ||C^||2 ,c=o(r) < oo. Thus, 

in a first step, we replaced /3 by ^{/3) in the nonlinear term. As is assumed 
to be bounded, the function ^ allows us to control the nonlinear term without 
restrictions on the size of /3. In a second step, we shall assume that ^ is the 
identity near 0 and show that the relevant values of /3 are sufficiently close to 0, 
so that ^{(3) = fi for these values of /3. 

The assumptions in this Subsection are as follows. We recall fco is given 
by ®, a is given by ®, and c is close to 1. We have seen that then the 
dispersion function in 0 has exactly two simple roots ±fco. Furthermore, for 
the linear operator given in ®, Lsin(A:o-) = 0. Let —?> R be of class 

with respect to the first variable, 'I', and be measurable with respect 
to the second variable, i9i'l> be odd and 




for some constant ^ > 0. Note that 

(1 + x^) 


(l+x2)3/2 


(l+x2)3/2 


G L" 


(17) 


The size of /r does not matter in what follows (in particular, it is not assumed 
to be small). 

We recall that the parameter 7 is real-valued, and that Up is a given odd 
function in iJ[2^(K) satisfying 


sup 

/3eR 


(1 -I- {c^Up - AoUp + aUp 

-a9i5'(up +^{l})uo -l-7sin(fcoa:),a:)^ 


< 00. (18) 


The odd function Uo G satisfies (fT^ . Thus, since Lcos(fco’) = 0, 

(1 -I- x^)Luo = (1 + x^){c^u'^ - AdUo + auo) G L^dd W- 
It follows that the map 


(r, /3) r(r, /?) = (1 -p x^) - AoUp + aUp 

- adi'i'{up + ^(/3)uo -f 7sin(fcox) - r,x)^ G LoddW 
is well-defined on x R and of class C^. 
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Lemma 3.3. The map V : ^^odd(®) x R —>■ Lqj^(R) is compact. 
Proof. The map can be written as 


r(r, = (1 +a:^)^c^u" - AoUp + aUp - adi^{up + ^{P)uo + 7 sin(fcoa;), a:)^ 

+ a(l + a;^) / 'E'(up + ^(^)mo + 7sin(fcoa;) - sr, a;)r ds, 

Jo 


which is the sum of two terms in L^(IR) (see (fTT)) and (ITH)) '). Let {(r„,/3„)} C 
-^odd(®) X R be a bounded sequence. We verify that {r(r„,/3„)} has a Cauchy 
subsequence in LlM- Let e > 0. 

Since ^ is continuous on R, the sequence ;= {C(/3ra)} is bounded. Taking 
a convergent subsequence equation dT51) and the dominated convergence 

theorem ensure that the first term of converges as fc —>■ oo. Hence, 

for k,l large enough, 


(1 + - A_DMp + aup - adi^(up + ^(/3rtfc)uo + 7sin(fcoa:), a:)^ 

-(l+a;^)^c^itp-Ai:iUp+aUp-ai9id;'(Mp+^(/3n,)Mo+7sin(fcox),x)^ 


l2(r) ^ 2' 


To deal with the second term, we split R in two parts, namely Jg := [—Xg, Xg] 
and its complement in R, where Xg > 0 is large. The motivation for this split is 
that many Sobolev embeddings are compact on an bounded interval, whereas 
the second term can be assumed as small as needed when restricted to the 
complement of 1^. More precisely, given e > 0, choose x^ large enough so that 
for all k 


a 


(1 + x^) / + 7sin(A;oa;) - 5r„^,x)7 

^0 


ds 


< 


L2(R\/^) 


(see (II3). Using the compact embedding id^(— Xe,Xe) C C[—Xe,Xe], by tak¬ 
ing a further subsequence if necessary, we can assume that {x„;,} converges in 
C'[—Xe,Xe]. It follows, again from the dominated convergence theorem, that 


q;(1 -I- x^) 



+ ^rikUo -I- 7sin(A:ox) 


- srn^,x)rn^ ds 


converges in L^(—x^jX^). Hence, for k,l large enough. 


q;(1-|-x^) / 9ii'I'(up-I--I- 7 sin(A:ox) - sr„^,x)r„(^ ds 
Jo 

-a(l-l-x^) J d'^^'^[up + S,niUo + 7sm{kox) - srni,x)rn,ds < e/ 2 . 

Thus {r(rji^,/3ji^)} is a Cauchy subsequence. 


□ 


10 














By (1^ of Proposition E2] in the Appendix, 


/ — AdUo + auo) sin{ko-)dx = —2c^fco + 2 < 0 

Jr 

if c > . Assume that, for all r in some subset of all /3 G K, 


adfi'i'{up + C(/3)no + 7sin(fco') - r,-)^'{[3)uo sm{ko-)dx 


< C 


/ (c^Mq — A^Uo + awo) sin(fco-)(ix 

Jr 


= C2{c^ko-l) 


for some constant C G [0,1). Then for fixed r in the given subset, the equation 


(mp+/3uo+ 7 sin(fco-))"-AD(Mp+,5uo+7sm(fco-))+«(Mp+,8uo+7 sin(A:o-)) 

— a9i'I'(up + ^(,5 )mo + 7 sin(fco-) — r, x)^ siTi{ko-)dx = 0 

can uniquely be solved for jd as & C^-function of r, /3 = /3(r), thanks to Banach’s 
hxed point theorem and the implicit function theorem. 

Lemma 3.4. The map r —>■ /3(r) is bounded on bounded sets. 

Proof. The proof of Lemma 13.31 shows an additional property, namely that the 
map (r,/3) — >■ r(r, /?) is bounded on every set on which the r-component is 
bounded. As a consequence, by definition of /3 = /3(r), 



2{c^ko — l)/3 = —fd j {(?Uo — AdUo + cxuo) sm{kox)dx = 

/ [c^Up — AoUp + aup — adi'^{up + f,{ld)uo + 7sin(A:o-) — r, •)] sin{kox)dx 

Jr 


IR 

and 


/jj [c^Mp — AoUp + aUp — adi^[up + ^{P)uo + 7sin(A:o-) — r, •)] sm{kox)dx 

2(c2fco - 1) 


(19) 

The map r —^ /3(r) = ^(c^/cq — 1) ^r(r,/3(r))(l + x'^) ^ sm{kox)dx is thus 
bounded on bounded sets. □ 

Hence the problem can be written as c^r" — Ajyr + ar = Q, with 


Q = c^(up +/3(r)'Uo +7sin(fco-))" - A^,(up +/3(r)uo +7sin(/co-)) 

+ a(Mp + P{r)uo + 7sin(fco-)) - Q;9i4'(Mp + ^(/3(r))uo + 7sin(fco-) - r, •) 
= /d{r){c^uf - AdUo + aUo) + (1 + a;^)“^r(r,^(r)) G LoddW 
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and /g (3(x) sin(fcoa:)(ia: = 0 by definition of P{r). On the other hand, if Q G 
L^(R) is odd with 

(1 + x^)Q G L^(IR) and / Q{x) s\Ti{kQx)dx = 0, 

v/r 

we saw in Proposition 12.31 that there exists a unique odd r = L~^Q G 
such that Lr = c^r" — A^r + ar = Q. Moreover 

\\L ^Q\\h 2 (r) = < {Cl + ((4 + q;)Ci + l)/c^} ||(1 + 

for some constant Ci > 0. 

The problem (1161) studied in this Subsection can be written as 

r = L~^Q = L~^(^c^{up + Puo + 7sin(fco-))" - ^^(up + fduo +7sin(fco-)) 

+ a{up + (3uo + 7sin(/co-)) “ a5i'h(Mp + ^(/3)uo + 7sin(fco-) - r,x)'^ (20) 

with (3 = f}{r). 

Theorem 3.5. Let ^ he in C'^(K) with < oo. Let ko be as in ([S]) and 

a given by (ED, Let 'h: —>■ R fee o/ elass with respect to the first variable, 

let SiT and he measurable with respect to the seeond variable, and 
fee odd. Assume that the hypotheses (TT^ . (TTfl) and dUD hold. Suppose that 
there exists an open ball B{0,p) C sueh that 


sup / ad'^;i^'^i{up +^{fi)uo + jsm{ko-) - r,-)^'{l3)uosm{ko-)dx 

rGB{0,p),PGM 

< 2{c^ko - 1) (Cl) 

and 

sup ||(1+ x2)(3(r)||^2^jj^ < {Cl + ((4 + Q!)C'i + l)/c2}"V- (C2) 

reB(0,p) 

Then there exists a solution r G B{0,p) to (OIH) . 


Proof. For all r G B{0,p), Q = Q{r) is well defined with values in 


Z = [f € Lodd(R) : (1 + G [ f{x) sin{kox)dx = 0 

I Jr 

and completely conti nuous in r (that is, continuous and compact). The map 
r L~^Q{r) sends B{0,p) into B{0,p) and is c omplete ly continuous. The 
Schauder fixed point theorem gives a solution r G B{0, p) to the equation r = 
L~^Q{r), and in fact r G B{0,p). □ 
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3.3 On the verification of condition flC2D 

In this section, we establish one condition, (IC2’I) below, for the verification of 
condition (IC2I) in Theorem 13.51 This simpler condition will then be shown in 
Subsection 13.41 to hold under the assumptions of Theorem 13.11 
By the formula (fTOl) for (3 = fj(r) and 

Q = (c^u'^ - AdUo + aUo)P + c^u” - AoUp + aup 

- ai9i4'(up + C(/3)'Wo +7sin(A:o-) - r, •), 

one has 


— ||(^~^ ^ )(^ H” OiU(^ 11 (R) 

/g |c^u" - AoUp + artp - adi'^{up + C(/3)uo + 7sin(A:o-) - r, •)! sin(fcoa:)da; 


2(c2fco - 1) 

+ ||(1 + x‘^){c^Up - AoUp + aUp - ai9i4'(up + C(/3)wo + 7 sin(A:o-) - r, •))||i 2 (R) ■ 


L2(R) 


Hence condition (IC2p is ensured by the following condition 

11(1 + sin(A:o-)| 


sup < ||(1 + a;^) (c^u" - A^iMo + auo) I 

rGB(0,p) [ 


L2(R) 


2(c2fco - 1) 

(1 + x'^)(^c^Up - AoUp + aUp - adi'i>{up + C(/3)wo + 7sin(fco-) - r, •)^ 

< 

which in turn is ensured by the condition 


1 


Cl + ((4 + a)Ci + l)lc^ 


L2(R) 

P, 


sup 


r£B(0,p) 


(1 + x^) - AoUp + aUp 

-adi'I>[up + ^(/3)mo + 7 sin(A:o-) - r, •)^ 


< 


L2(R) 

{Ci + ((4 + a)Ci + l)/c2}-V 


11(1 + a:2)(c2u" - AdUo + aUo)||i2(R) ^/^^{c'^ko - 1) ^ + 1 


If Up is a particular solution to the “unperturbed” equation c^u” — AjjUp + 
aUp — aS{up, •) = 0 for some function S, if 

11(1 + x'^){aS{up, •) - a9i4'(up, •))| 


lL2(K) 


sup 


(1 + x‘^)(^adi^{up,-) 


reB{0,p) 

- adi'ii{up + ^{P{r))uo +7sin(fco-) - r, •)) 


L2(R) 


(Cl + ((4 + a)Ci + l)/c^) V 


< 


11(1 + x2)(c2m" - AdUo + aMo)||i^2(R) y/TTji{c^kQ - 1) ^ + 1 


(C2’ 
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and if the condition (ICll) holds true, then the “perturbed” problem, in which 
S is replaced by and the parameter 7 can be chosen in R, has a solution 
r e B{0,p). 


3.4 Verification of the conditions in Theorem 13.51 

In this section, we prove Theorem 13.11 We have to show that the assumptions 
made there imply those of Theorem 13.51 and show that ^ can be chosen to be 
the identity in the region of interest. 

We make the same assumptions on kg, a, Uo and Up as in Theorem 13.11 In 
particular, the chosen Up is such that Mp(0) > 0, 

/ (c^Up — AijUp + aup — asgn(up)) sm{ko-)dx = 0, 

Jr 


and 


(1 + (c^Mp - AoUp + aUp - asgn{up)) 


< 00 . 


Let po > 0 satisfy (HI; then |Mp(a;)| > po/2 for all \x\ > 1. 

Lemma 3.6. In the setting of this subsection, ^ can be chosen such that the 
solution given by Theorem \S.5\ solves m- 

Proof. In Equation (|16L we choose ^ such that it is the identity function in a 
neighbourhood of /3 = 0 and 


IICIIl~(r) |wo(a;)| < 7 |wp(a:)| for all a: S 


If I7I and are small enough, then for every x € 


+ ^{fJ)uo{x) + 7 sin(fcoa:) - r(a;)| > ^ fyp(x)| (21) 

and thus 

Sidc^Mp + 5(/3)uo + 7 sin(fco-) - r , xj = ip'(^Up + ^(/3)mo + 7sin(fco') - ■ 

Hence, we will obtain the solution u = Up + j3uo + 7sin(fco’) — r to 
(?u" — Ajou + au — aip'{u) = 0 

if, in addition, ^(/3) = /3. □ 

Lemma 3.7. Under the assumptions of Theorem \S.l[ assumption p7ll of The- 
orem AS.,J\ holds. 


Proof. This is immediate; recall that ip G C^(R) is even, with ip'(s) = sgn(s) 
outside a bounded set. By reducing e if necessary we can assume that ip'(s) = 
sgn(s) for all |s| > po/6. Then R satisfies ’l'(u,x) = ip{u) for |a;| < 1 

and 'I'(u,a:) = sgn(a;)u for |a;| >1. □ 
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Lemma 3.8. Under the assumptions of Theorem \8.1[ the assumptions (1181) . (ICll) 
and (IC2’I) hold. 

Proof. We first establish the claim for (EH). Let us recall that if such that 
\'4’''{s)\ < 2e“^ for |s| < e and if"{s) = 0 otherwise, where e > 0. If e is small 
enough and \x\ = 6 e/Up( 0 ), then 

|up(a;)| = Up(0) \x\ (1 + o(x)) > iup(O) |x| > 3e 
and thus |up(x)| > 3e for all |x| > 6e/Up(0) if e is small enough. Hence 
V'" (up(x) + ^{/3)uoix) + 7 sin(fcox) - r(x)) = 0 
for all Ix| > 6e/itp(0) if I 7 I, ||r|| and e are small enough (see ([21]) ). Therefore 


ai^iup + C(/3)wo + 7sin(fco-) - r)^'{l3)uo sm{ko-)dx 

^ 6 e/«p( 0 ) 

< / 

d- 6 e/u^( 0 ) 

< a2e"^ ||^'(/3)uo||ioo(R) / |fcox|dx 


a 2 e |^'(/3)uo sin(fco-)l *^ 2 ; 


r 6 e/<( 0 ) 


l-6e/u' (0) 


<a2e ||C'(/3)uo||icx>(R) fco( 6 e/Up( 0 )) ^0 


as e —>■ 0, uniformly in /3 S R and r G B{0, p) if I 7 I and p > 0 are small enough. 
Hence holds true. Assumption (IT^ can be verihed similarly. 

We now show that is satisfied. We choose for Up the solution of the 

degenerate problem c?u" — Ajju + au — asgn(u) = 0, see Theorem 12.11 and 
choose e > 0 small enough so that 

||(1 +x^) (asgn(Mp) -aai«'(wp,')) 11 ^ 2 ( 8 ) 

({Ci + ((4 + a)Ci + l)/c2)"V 


< 


2 11(1 + x‘^){c^u'f - AdUo + q;Uo)||^2(r) E7r/8(c2fco - 1) ^ + 1 


Then observe that, for all r G H(0,p), 

II (1 + x^) (aai4'('«p, •) - adi^iup + f{/3{r))uo + 7sin(fco-) - r, •))|L2 (r) 

< (l + x^)a sup \df^'i’{up + \f{f){r))uo + \jsm{ko-) — \r,-)\ 
Ae[o.i] 


|^(^(r))'Uo +7sin(fco-) - r\ 


L^{R) 
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Arguing as above, 

II (1 + x^){adi^{up, •) - adi'i!{up +^{l3{r))uo + 7sin(fco-) - A-))||l2(r) 

< a2e-i II (1 + a::2)(^(/3(r))uo + 7sin(fco-) - ?')|L 2 ([_ 6 e/„j_(o), 6 ./„'(o)]) ^ 0 

as e —>■ 0, uniformly in r S 5(0, p) if I7I and p > 0 are small enough. 

By Theorem 13.51 there exists r G H^ddO^) lklli?2(R) < P and 

c^(up +/3(r)uo +7sin(fco-) - r)" - A£,(up +/3(r)uo +7sin(fco-) - r) 

+ Q;(up + P{r)uo + 7 sin(fco-) — r) — atp'{up + ^{l3{r))uo + 7 sin(fco-) — r) = 0 . 

We also get that /3(r) belongs to the neighbourhood of 0 on which ^ is the 
identity if I7I, p, e are small enough. Indeed, by (fTOl) . 


^)l< 




/g |asgn(Mp) - adi'^{up + C(/3)uo + 7sin(^o') - r, sm{kox)dx 


2(c^fco — 1) 7-6e/u^0) 


2(c2/co - 1) 

6«/Up(0) / 2 

a 1 1 + - |up + ^{P)uo + 7sin(fco-) — r\ ] kg |a;| dx 


/■6e/Up(0) 

= 0(1) / |x| da: = O(e^). 

J-6e/u’ ( 0 ) 


□ 


4 Two-transition solutions 

In this section, we show the existence of travelling waves starting in one well of 
the on-site potential, making a transition to another well before returning to the 
first well. The on-site potential will be taken to be piecewise quadratic, = 

sgn(a;), as in [11]. Also, we consider the same velocity regime £ [0.83,1] as 
in that paper. 

Our aim is to prove the existence of solutions representing two transitions 
between the two wells. We construct the solution similarly as in m for the 
case of a single transition, where the odd profile function Up will be replaced by 
an even profile function Up, and similarly the odd function Uo will be replaced 
by an even function Ug. That is, we use a decomposition of the form 

u{x) = r’p(a:) -I- l3eUe{x) + jcos{kox) — f{x). (22) 

Here Up is the primary profile, /3e a small coefficient scaling the contribution 
from Me, 7 a coefficient to be chosen later, and f a (small) remainder. 

We first turn the attention to ZJp. 
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Lemma 4.1. Let xq € (7r/fco)Z = 2Z be positive. Then there exist an even 
profile Vp G such that Vp vanishes exactly at the two points ±xo. Fur¬ 

thermore, 

||(1 +a;2) (Lvp - asgn(z;p))||^2(R) 0 (23) 

as xo ^ oo. 


Proof. The odd solution x —>■ Upa(x) — r(x) in m (see © and dS])) converges 
in H‘^{z — 2, z + 2) as \z\ —>■ oo to the function 



A + B 


Bcos{kox )^, 


where A-\- B = \ and B = 


c^kl - 2 
C^/Cq - fco 


where the expression for B makes use of ([5]) and ©■ 

It is straightforward to see that —Upa+J' is also a single-transition solution to 
the solution to the problem with piecewise quadratic on-site potential studied. 
We now introduce a two-transition profile Up by combining these two single¬ 
transition solutions. Namely, for positive xg G 2Z, we define Vp as 


•= ( 2 ) (“pa(a; - 2;o) - r{x - xq) 


- X{x) (Mpa(a; -I- Xg) - r{x -|- Xg)) , 


1 


where the step function A G K) is odd and non-decreasing with \{x) := 

— 1/2 for X < —1 and A(a;) := 1/2 for x > 1. 

Obviously Up is even, piecewise C^, and satishes Lvp — asgn(up) = 0 on 
]R\[—2, 2]. To show (l23l) . we thus only have to show that \\Lvp — asgn(up)||^ 2(_2 2 ) 
tends to 0 as xo —!> 00 with xo G 2Z. We first deal with xq G 4Z. For x G (—2,2), 
we find that as Xq —>■ 00 


Up(x) 


-f A(x) j sgn(x - xo) {1 - Bcos{kg{x - xq))} 

- A(x) ) sgn(x -I- Xo) {I - B cos{kg{x + xo))} 


= - ( 2 + ) {1 “ -S cos(fco(2; - a:o))} 

- ( i - A(x) ] {1- B cos(fco(x + Xo))} 


= -l + B- 


A(x) ) cos(fco(a: — Xo)) 


+ 1^2 “ J cos(A:o(a; + 3:^0))| 

= —1 B ■ {cos{kgx) cos{kgxo) -I- 2A(x) sin(/coa;) sin(/coa^o)} 
= —1 B ■ cos{kox) cos{kgxo) =: ^“(x). 
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as sin(fcoXo) = 0 and cos(koXo) = 1 is independent of xq € 4Z. 

On (—2, 2), this limit function solves Lv^—asgn(v^) = 0, since cos(koXo) 


1 and B = 


c^fcg-2 
c^k'i — ko 




= —1 + _B • cos{kQx) cos{kQXi)) < 0 

for all X G (—2, 2). Hence 


— Q;sgn(z)|J“) = B cos{koXo)L cos{ko-) = 0. 

As a consequence, ||Awp — asgn('(;p)||^2(_2 2) “t 0 as ccq G 4Z tends to 00. 

The same argument works for Xq ^ 00 with Xq € 2Z\4Z, but this time 
cos(koXo) = —1- □ 

Let us now turn to the even function Ue- For example, one can choose 
Ue to agree with sgn(a;) sin(fcoa;) outside a fixed bounded interval. The essential 
property used is that such a function will satisfy the condition in Proposition lA.2l 
in Appendix lAl 

For any choice of the parameter /3e G R and any r S we can choose 

the remaining parameter 7 to ensure that u of (HH) inherits the two zeros ixo 
from Vp. That is, we set 

7 := {r(a:o) - ,5e'«e(a;o)} cos(fcoa;o)“\ 


where we note that cos(fcoa^o) = ±1 for xq € 2Z. 

To motivate the definition of f, let us assume for the moment that ±xo are 
the only zeros of u. In other words, let us assume for now that the sign condition 


sgn (?;p + /3eite + 7 cos(fco-) - r) = sgn(wp) (24) 

holds. In analogy to (IT^ as an equation for the remainder r in Section [Sj we 
now consider the equation 


Lr = PeLue + Lvp — asgn(r!p) (25) 

for r G iLg(R), where the subscript e stands for even functions. Note that 
if (l25|l has a solution f, then the function u, with the decomposition (1221) will 
be a solution to (P) provided the sign condition ([24)l holds. 

The solvability of (1^51) is addressed in the following lemma. 

Lemma 4.2. Define 


fie ■■ = 


1 

2(c2fco - 1) 


[—Lvp + asgn{vp)] cos{ko-)dx. 


Then equation dUl) has an even solution r G (R). In particular, we have the 
estimate 

F||^2 (r) < C{\fifi\ + ||(I+ F) (L?;p - asgn(z;p))||^2(R)) • 
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Proof. By the choice of /3e and Proposition IA.21 


J (^PeLue + Lvp — asgn(z;p)^ cos{ko-)dx 


= 0 . 


The expression L given by Proposition I A. 1 1 in Appendix [A1 can be applied 
to the right hand side of (1^ . 

Q := fieLue + Lvp - asgn(rip), 

because (1 + x'^)Q G L^(R) and (3(x) sin(A;oa:)(ia; = J^Q{x) cos{kox)dx = 0. 
Hence 

r := L~^ iPeLue + Lvp - asgn(up)) 

is well-defined. It is immediate that f is even. □ 


Theorem 4.3. Under the assumptions of Theorem \2.1\ (in particular, for a 
pieeewise quadratie on-site potential, fj'fx) = sgn(a;)j, there exists a family of 
even solutions 

U = Vp PeUe 7 COs(/co’) ~ ^ 

to (HI), parametrised by the choice of sufficiently large Xg G 2Z in Lemma [7T7| 
Each of these solutions making two transitions between the wells of the on¬ 
site potential, located at —xq and -\-xg, so that they remain in one well only on 
a large but finite interval (—xo,Xo). 


Proof. Lemma 14. II provides Up. Further, Ue is as discussed above. In addition, 
Lemma 14.21 defines fe and r. 

As 


/3e = 


1 


2(c2fco - 1) 

we obtain by estimate 


|/3e| < c (I -b x^) {Lvp - asgn(up)) 


—Lvp -\- asgn(up)] cos{ko-)dx, 
cos{kox) 




1 + x^ 


0 


L2(K) 


for a sequence of points Xg G 2Z with Xg ^ oo. 

It remains to verify the sign condition (12411 for u, i.e., to show that icco are 
the only roots of 

U = Vp-\- feUe -b 7 COs{kg-) - r. 

Recall that the choice 


7 = {r(a;o) - feUeixg)} COs{kgXg) ^ 

was made so that u vanishes at ±a;o- The bounded embedding C L°°(E.) 

and Lemma |4.2I show that r(a;o) is small. Moreover, smallness of /3e and r{xg) 
imply that 7 is small itself. 

As Up changes sign at precisely Exg, we now use that the derivative Up(±a;o) 
is bounded below independently of large xg. Thus, pointwise smallness of all 
additional terms /3eWe + 7cos(fco’) ~ ^ establishes the sign condition for all suf¬ 
ficiently large xg. □ 
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A Appendix 

We state a useful generalisation of Proposition 12.31 by considering functions Q 
which are not necessarily odd. 

Proposition A.l. If Q £ L^(R) satisfies 

(1 + G L^(]R) and / Q{x) sin{kox)dx = / Q{x) cos(kox)dx = 0, 


then, for all c near enough to 1, there exists a unique function r £ such 

that Lr = c^r" — A^r + ar = Q. Moreover, 


ll’"llff2(R) ||(1 + < (Cl + ((4 + q;)Ci + l)/c^) ||(1 + , 

where the constant Ci > 0 is as in Provosition \2.3[ 

Proof. When Q is even, the proof is the same as the one of Proposition 12.31 
except that then Q, r and r are even and real-valued. In general, we write 
Q = Qo + Qe, where 


Qoix) = ^{Q{x) - Q{-x)) and Qeix) = ^{Q{x) + Q{-x)) 
are odd respectively even. We set 


r„(fc) := and re(fc) := , k £ 


D{k) 


D(k) 


which are odd respectively even as well. Then r := r^ + re satisfies 


As 


/(I + k^)‘^ro{k) • re{k)dk =/*(! + x^)‘^Qo{x)Qe{x)dx = 0, 

Jr Jr 


we obtain 


ll''llff2(R) — ||(1 + ^^)^IL2 (r) - ||(1 + ^^Fo||i2(R) + ||(1 + ^^)^e||i2(R) 

< (Ci -I- {{A + afCi + l)/c^) ^||(1 + a;^)Qo||^ 2 (R) + ||(1 + ^^)Qe||^ 2 (R)) 

= (Cl + ((4 + a)Ci + l)/c^f 11(1 + ai2)QH'2(R) ■ 

□ 

The following proposition establishes orthogonality relations and estimates 
for the Fourier mode associated with kn for L applied to even and odd functions. 
The estimate (l26)l is used just after the compactness proof ILemma 13.31) . 
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Proposition A.2. Consider the odd function Uo S satisfying (fT^ . In 

addition, let Ue € be an even function such that 

(1 + x'^)-^{ue{x) - sgn(x) sin(fcox)) e L^(R\[-1,1]) 

for / = 0,1, 2, analogously to (fl^ . If c> , then 

/ sm{ko-){c^u" — AdUo + aUo)dx = —2c^ko + 2 < 0, 

Jk 

/ cos{ka-){c^u" — AuUe + aue)dx = 2c^ko — 2 > 0, 

Jr 

/ cos{ko-){c^u'f — AdUo + aUo)dx = 0 

Jr 


( 26 ) 


and 


/ sm{ko-){c^u” — AjjUe + aue)dx = 0. 

Jr 


Proof. The two last integrals vanish because the integrands are odd functions of 
X. For the first integral, two integrations by parts and the identity L sin(fco-) = 0 
give 

lim / sm{ko-) (c^u'f — AdUo + ctUo) dx 
= lim / sin(fco-) — Ad sin(fco’) + Q! sin(A:o-) 

z-S-oo [ dx^ 

+ lim c^ [sm{koz)uQ{z) — kQCOs{kQz)uo{z) 

z—^oo 

— sin(—fcoz)uQ(—z) + ko cos{—koz)uo{—z)] 

— lim ( / — I sin(fco(a^ — l))uo(a:)(ia; 

\J-Z+1 J-zJ 


Uo dx 


— lim 

2—fOO 


'—2 — 1 J —Z 


sin(fco(a: + l))uo(a^)rf2: 


GU 


= lim (—fco sin^(fcoz) — fcocos^(fcoz) — fco sin^(—fco-s^) “ ko cos^(—koz)) 


rZ + l p — Z + L 

— lim / sin(fco(a; — 1)) cos(fcoa^)dx — lim / sin(fco(a; — 1)) cos(fcoa;)da; 
2^-00 2^-00 

+ lim / sin(fco(x + 1)) cos(fcoa;)'^2^ + lim / sin(fco(a; + 1)) cos(fcox)da; 

pZ-\-l n — 2 + 1 

= —2c^ko+ lim / cos^{kox)dx+ lim / cos^{kox)dx 


= -2c^ko + 2 < 0. 
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Analogously, 


/ cos{ko-){c^u” — AjjUe + aue)dx = / sin(fco •+Ao)(' 

Jr Jr 

= lim {—ko sin(fcoz + ko) sin(A:o2 — ko) — ko cos{koz 

- ■ - 0 


c^u'l 


— AjjUe + aUe)dx 


z—¥oo 


JK 

(? {—ko sin(fcoz + ko) sin(A:o2 — ko) — ko cos{koz + ko) cos{koz — ko) 
ko sin(—+ ko) sin(—— ko) — ko cos{—koz + ko) cos{—koz — ko)) 

sin(fco(a: — 1) + ko) cos{kox — ko)dx 


sin(fco(a; — 1) + ko) cos{kox — ko)dx 
lim / sin(fco(a; + 1) +/co) cos(fcoa^ ~ 
lim / sin(fco(a; + 1) + fco) cos(A:oa; — A:o)(ia; 

ci n 


= 2c^ko - 2 > 0 . 


Acknowledgement This work was initiated at the workshop “Solitons, Vor¬ 
tices, Minimal Surfaces and their Dynamics” at the Mittag Leffler Institute in 
2013. JZ greatfnlly acknowledges funding by the EPSRC, EP/K027743/1. 


References 

[1] Sigurd Angenent. The shadowing lemma for elliptic PDE. In Dynamics of 
infinite-dimensional systems (Lisbon, 1986), volume 37 of NATO Adv. Sci. 
Inst. Ser. F Comput. Systems Sci., pages 7-22. Springer, Berlin, 1987. 

[2] W. Atkinson and N. Cabrera. Motion of a Frenkel-Kontorowa dislocation 
in a one-dimensional crystal. Phys. Rev., 138(3A):A763-A766, May 1965. 

[3] Oleg M. Braun and Yuri S. Kivshar. Nonlinear dynamics of the Frenkel- 
Kontorova model. Phys. Rep., 306(1-2):108, 1998. 

[4] Renato Calleja and Yannick Sire. Travelling waves in discrete nonlinear sys¬ 
tems with non-nearest neighbour interactions. Nonlinearity, 22(11):2583- 
2605, 2009. 

[5] Y. Y. Earmme and J. H. Weiner. Breakdown phenomena in high-speed 
dislocations. J. Appl. Phys., 45(2):603-609, 1974. 

[6] J. Frenkel and T. Kontorova. On the theory of plastic deformation and 
twinning. Acad. Sci. U.S.S.R. J. Phys., 1:137-149, 1939. 


22 



[7] Gero Friesecke and Jonathan A. D. Wattis. Existence theorem for solitary 
waves on lattices. Comm. Math. Phys., 161(2):391-418, 1994. 

[8] Jack Hale. Theory of functional differential equations. Springer-Verlag, New 
York-Heidelberg, second edition, 1977. Applied Mathematical Sciences, 
Vol. 3. 

[9] Michael Herrmann, Karsten Matthies, Hartmut Schwetlick, and Johannes 
Zimmer. Subsonic phase transition waves in bistable lattice models with 
small spinodal region. SIAM J. Math. Anal., 45(5):2625-2645, 2013. 

[10] Gerard looss and Klaus Kirchgassner. Travelling waves in a chain of coupled 
nonlinear oscillators. Comm. Math. Phys., 211(2):439-464, 2000. 

[11] Garl-Friedrich Kreiner and Johannes Zimmer. Existence of subsonic het¬ 
eroclinic waves for the Frenkel-Kontorova model with piecewise quadratic 
on-site potential. Nonlinearity, 24(4):1137-1163, 2011. 

[12] O. Kresse and L. Truskinovsky. Mobility of lattice defects: discrete and 
continuum approaches. J. Mech. Phys. Solids, 51(7):1305-1332, 2003. 

[13] R. S. MacKay and S. Aubry. Proof of existence of breathers for time- 
reversible or Hamiltonian networks of weakly coupled oscillators. Nonlin¬ 
earity, 7(6): 1623-1643, 1994. 

[14] Michel Peyrard and Martin D. Kruskal. Kink dynamics in the highly dis¬ 
crete sine-Gordon system. Phys. D, 14(1):88-102, 1984. 

[15] Hartmut Schwetlick and Johannes Zimmer. Existence of dynamic phase 
transitions in a one-dimensional lattice model with piecewise quadratic in¬ 
teraction potential. SIAM J. Math Anal, 41(3):1231-1271, 2009. 


23 



